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Abstract
In this paper we study the existence of positive solutions of the equation(
ϕ(x′)
)′ + a(t)f (x(t))= 0,
where ϕ :R → R is an increasing homeomorphism and homomorphism and ϕ(0) = 0, subject to
linear mixed boundary conditions by a simple application of a fixed point index theorem in cones.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In [1], Erbe and Wang considered the boundary value problem{
u′′ + a(t)f (u) = 0,
αu(0) − βu′(0) = 0, γ u(1) + δu′(1) = 0,
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linear condition.
In [2], Erbe showed there were at least two positive solutions of the equations −u′′ =
f (t, u), subject to linear boundary conditions, if f (t, u) was superlinear at one end (zero
or infinity) and sublinear at the other end.
In [3], Wang studied the existence of positive solution of the equation (g(u′))′ +
a(t)f (u) = 0, where g(v) = |v|p−2v, p > 1, subject to nonlinear boundary conditions,
where f (u) was superlinear or sublinear or superlinear at one end and sublinear at the
other end.
In [6], Li discussed the existence of positive solutions for singular boundary value prob-
lems with p-Laplacian operators, where f0, f∞ /∈ {0,∞}.
Motivated by the results mentioned above, in this paper we study the existence of posi-
tive solutions of quasilinear differential equation.
A projection ϕ :R → R is called an increasing homeomorphism and homomorphism, if
the following conditions are satisfied:
(i) if x  y, then ϕ(x) ϕ(y), ∀x, y ∈ R;
(ii) ϕ is a continuous bijection and its inverse mapping is also continuous;
(iii) ϕ(xy) = ϕ(x)ϕ(y), ∀x, y ∈ R.
In this paper, we suppose that K = {x ∈ C[0,1]: x(t) is nonnegative concave function},
then K is a cone in a Banach space C[0,1].
We will assume that the following conditions are satisfied throughout this paper:
(A) ϕ :R → R is an increasing homeomorphism and homomorphism;
(B) f ∈ C([0,∞), [0,∞));
(C) β, δ ∈ R, β  0 and δ  0;
(D) a(t) ∈ C((0,1), [0,∞)) and a(t) can be singular at t = 0 and t = 1.
Let
(E) 0 < ∫ 1/20 ϕ−1(∫ 1/2s a(s1) ds1) ds + ∫ 11/2 ϕ−1(∫ s1/2 a(s1) ds1) ds < ∞, where ϕ−1(x) is
the inverse function to ϕ(x).
Now we define an operator T :K → K by
(T x)(t) :=


βϕ−1(
∫ τ
0 a(s)f (x(s)) ds) +
∫ t
0 ϕ
−1(
∫ τ
s
a(s1)f (x(s1)) ds1) ds,
0 t  τ,
δϕ−1(
∫ 1
τ
a(s)f (x(s)) ds) + ∫ 1
t
ϕ−1(
∫ s
τ
a(s1)f (x(s1)) ds1) ds,
τ  t  1,
(1.1)
for each x ∈ K . Here τ = 0, if (T x)′(0) = 0; τ = 1, if (T x)′(1) = 0; otherwise, τ is a
solution of the equation
g1(t) = g2(t), (1.2)
where
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( t∫
0
a(s)f
(
x(s)
)
ds
)
+
t∫
0
ϕ−1
( t∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds,
0 t < 1,
g2(t) := δϕ−1
( 1∫
t
a(s)f
(
x(s)
)
ds
)
+
1∫
t
ϕ−1
( s∫
t
a(s1)f
(
x(s1)
)
ds1
)
ds,
0 < t  1.
Equation (1.2) has at least one solution in (0,1), because g1(t) is a nondecreasing con-
tinuous function defined on [0,1) with g1(0) = 0 and g2(t) is a nonincreasing continuous
function defined on (0,1] with g2(1) = 0. Moreover, if σ1, σ2 ∈ [0,1], σ1 < σ2, are solu-
tions of (1.2), then we have a(s)f (x(s)) ≡ 0 on [σ1, σ2]. Therefore, the operator T is well
defined.
The purpose of this paper is to study the existence of positive solutions of quasilinear
differential equation{
(ϕ(x′))′ + a(t)f (x(t)) = 0, t ∈ (0,1),
x(0) − βx′(0) = 0, x(1) + δx′(1) = 0, (1.3)
subject to linear mixed boundary conditions by a simple application of a fixed point index
theorem in cones, where ϕ :R → R is an increasing homeomorphism and homomorphism
and ϕ(0) = 0.
It is well known that problem (1.3) is equivalent to the fixed point equation x(t) =
(T x)(t) in t ∈ [0,1]. From the definition of T , we deduce that for each x ∈ K ,
(T x)(t) ∈ K , (T x)(t) satisfies mixed boundary conditions of problem (1.3) and
(T x)(τ ) = max
t∈[0,1]
(T x)(t),
since
(T x)′(t) =
{
ϕ−1(
∫ τ
t
a(s)f (x(s)) ds) 0, 0 < t  τ,
−ϕ−1(∫ t
τ
a(s)f (x(s)) ds) 0, τ  t < 1,
is continuous and nonincreasing in (0,1) and (T x)′(τ ) = 0. Moreover (ϕ((T x)′(t)))′ =
−a(t)f (x(t)), a.e. t ∈ (0,1). This shows that T (K) ⊂ K . Since f is continuous, so
T :K → K is completely continuous and each fixed point of T in K is a solution of prob-
lem (1.3).
In recent years, there was much attention focused on the existence of positive solutions
for p-Laplacian operators (see [3–6,9]), but for an increasing homeomorphism and ho-
momorphism, few works were done as far as we know. We get the existence of multiple
positive solutions of problem (1.3) under f satisfying some conditions. Our thoughts come
from [7,8].
2. The preliminary lemmasIn this section, we present some lemmas that are important to our main results.
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‖x‖ r}. Assume that T :Ωr → K is a completely continuous operator, and for ∀x ∈ ∂Ωr ,
T x = x. Then we have
(i) If ‖x‖ < ‖T x‖, ∀x ∈ ∂Ωr , then i(T ,Ωr,K) = 0;
(ii) If ‖x‖ > ‖T x‖, ∀x ∈ ∂Ωr , then i(T ,Ωr,K) = 1.
Lemma 2.2 [3]. Let (E) hold. Then there exists constant µ ∈ (0,1/2) satisfying
0 <
1−µ∫
µ
a(t) dt < +∞. (2.1)
Furthermore, the function
A(t) =
t∫
µ
ϕ−1
( t∫
s
a(s1) ds1
)
ds +
1−µ∫
t
ϕ−1
( s∫
t
a(s1) ds1
)
ds
is continuous and positive on [µ,1 − µ], its minimum value is L and L > 0.
Lemma 2.3 [6]. Let x ∈ K , assume that µ satisfies (2.1). Then x(t) µ‖x‖, t ∈ [µ,1−µ],
where ‖x‖ = sup{x(t): 0 t  1}.
Let
λ1 = 1
(β + 1)ϕ−1(∫ 10 a(s) ds) and λ2 =
4
µ2L
.
Lemma 2.4. Let (E) hold. Assume that
(E1) There exist constants r > 0 and M1 ∈ [0, λ1) such that f (x)  ϕ(M1r), for 0 
x  r ;
(E2) There exist constants R > 0 and M2 > 2/(µL) such that f (x)  ϕ(M2R), for x ∈
[µR,R].
Then problem (1.3) has at least one positive solution x and 0 < r < ‖x‖ < R or 0 < R <
‖x‖ < r .
Proof. Now we suppose r < R. Then if x ∈ K and ‖x‖ = r . By (E1), we have
‖T x‖ = (T x)(τ ) βϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
+ ϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
 (β + 1)ϕ−1
( 1∫
a(s)f
(
x(s)
)
ds
)
0
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( 1∫
0
a(s)ϕ(M1r) ds
)
M1r(β + 1)ϕ−1
( 1∫
0
a(s) ds
)
= M1r 1
λ1
< r = ‖x‖. (2.2)
Let Ωr = {x ∈ K: ‖x‖ r}, then (2.2) shows that
‖T x‖ < ‖x‖, ∀x ∈ ∂Ωr.
By the second part of Lemma 2.1, it follows that i(T ,Ωr,K) = 1.
Next let ΩR = {x ∈ K: ‖x‖R}. Then if x ∈ K and ‖x‖ = R, by Lemma 2.3 and (E2),
we have
2‖T x‖ = 2(T x)(τ )
τ∫
0
ϕ−1
( τ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
+
1∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds

τ∫
µ
ϕ−1
( τ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
+
1−µ∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds
 µM2R
[ τ∫
µ
ϕ−1
( τ∫
s
a(s1) ds1
)
ds
+
1−µ∫
τ
ϕ−1
( s∫
τ
a(s1) ds1
)
ds
]
= µM2RA(τ) µM2RL > 2R = 2‖x‖, if τ ∈ [µ,1 − µ];
‖T x‖ = (T x)(τ )
1−µ∫
µ
ϕ−1
( 1−µ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
 µM2R
1−µ∫
µ
ϕ−1
( 1−µ∫
s
a(s1) ds1
)
ds= µM2RA(1 − µ) µM2RL > 2R > ‖x‖, if τ > 1 − µ;
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1∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds

1−µ∫
µ
ϕ−1
( s∫
µ
a(s1)f
(
x(s1)
)
ds1
)
ds
 µM2RA(µ) µM2RL > ‖x‖, if τ < µ.
Therefore, in either case, we have ‖T x‖ > ‖x‖, ∀x ∈ ∂ΩR . By the first part of Lemma 2.1,
it follows that i(T ,ΩR,K) = 0. Thus we have i(T ,ΩR \Ωr,K) = −1, this shows that the
fixed point x is a positive solution of problem (1.3).
We can deal with the other case r > R in a similar way and therefore we conclude
Lemma 2.4 is valid. 
3. The main results
For convenience, we denote
f0 = lim
x→0
f (x)
ϕ(x)
, f∞ = lim
x→+∞
f (x)
ϕ(x)
.
The main results are following.
Theorem 3.1. Let (E) hold. Assume that
(i1) f0 = 0 and f∞ = +∞, or
(ii1) f0 = +∞ and f∞ = 0.
Then problem (1.3) has at least one positive solution.
Proof. Now suppose f0 = 0 and f∞ = +∞. Since f0 = 0, we choose R1 > 0 so that
0 f (x) ϕ(εx), (3.1)
whenever 0 x R1, where ε > 0 satisfies
ε(β + 1)ϕ−1
( 1∫
0
a(s) ds
)
< 1. (3.2)
Thus if x ∈ K and ‖x‖ = R1, then from (3.1) and (3.2), we have
‖T x‖ = (T x)(τ ) βϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
+ ϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
 (β + 1)ϕ−1
( 1∫
a(s)f
(
x(s)
)
ds
)
0
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( 1∫
0
a(s)ϕ(εR1) ds
)
 εR1(β + 1)ϕ−1
( 1∫
0
a(s) ds
)
< R1 = ‖x‖. (3.3)
Let Ω1 = {x ∈ K: ‖x‖R1}, then (3.3) shows that
‖T x‖ < ‖x‖, ∀x ∈ ∂Ω1.
By Lemma 2.1(ii), it implies that i(T ,Ω1,K) = 1.
Further since f∞ = +∞, there exists R2 > R1/µ such that f (x) ϕ(Mx), whenever
x  µR2, where M > 0 is chosen such that
µLM > 2. (3.4)
Let Ω2 = {x ∈ K: ‖x‖R2}, then ∀x ∈ ∂Ω2, from Lemma 2.3 and (3.4), we have
2‖T x‖ = 2(T x)(τ )
τ∫
0
ϕ−1
( τ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
+
1∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds

τ∫
µ
ϕ−1
( τ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
+
1−µ∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds
 µMR2
[ τ∫
µ
ϕ−1
( τ∫
s
a(s1) ds1
)
ds
+
1−µ∫
τ
ϕ−1
( s∫
τ
a(s1) ds1
)
ds
]
= µMR2A(τ) µMR2L > 2R2 = 2‖x‖, if τ ∈ [µ,1 − µ];
‖T x‖ = (T x)(τ )
1−µ∫
µ
ϕ−1
( 1−µ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
 µMR2
1−µ∫
ϕ−1
( 1−µ∫
a(s1) ds1
)
dsµ s
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‖T x‖ = (T x)(τ )
1∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds

1−µ∫
µ
ϕ−1
( s∫
µ
a(s1)f
(
x(s1)
)
ds1
)
ds
 µMR2A(µ) µMR2L > ‖x‖, if τ < µ,
i.e., ‖T x‖ > ‖x‖, ∀x ∈ ∂Ω2. By Lemma 2.1(i), it implies that i(T ,Ω2,K) = 0. Thus we
have i(T ,Ω2 \Ω1,K) = −1, it follows that T has a fixed point x ∈ Ω2 \Ω1. Furthermore
since 0 < R1 < ‖x‖ < R2, it shows x(t) > 0 for t ∈ (0,1), this shows that the fixed point
x is a positive solution of problem (1.3).
Next suppose that f0 = +∞ and f∞ = 0. Since f0 = +∞, we choose R1 > 0 such
that f (x)  ϕ(Mx), whenever 0  x  R1, where M > 0 satisfies (3.4). Let Ω1 =
{x ∈ K: ‖x‖R1}, then ∀x ∈ ∂Ω1, we have
2‖T x‖ = 2(T x)(τ )
τ∫
µ
ϕ−1
( τ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
+
1−µ∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds
 µMR1
[ τ∫
µ
ϕ−1
( τ∫
s
a(s1) ds1
)
ds
+
1−µ∫
τ
ϕ−1
( s∫
τ
a(s1) ds1
)
ds
]
 µMR1A(τ) µMR1L > 2R1 = 2‖x‖, if τ ∈ [µ,1 − µ];
‖T x‖ = (T x)(τ )
τ∫
0
ϕ−1
( τ∫
s
a(s1)f
(
x(s1)
)
ds1
)
ds
 µMR1
1−µ∫
µ
ϕ−1
( 1−µ∫
s
a(s1) ds1
)
ds= µMR1A(1 − µ) µMR1L > 2R1 > ‖x‖, if τ > 1 − µ;
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1∫
τ
ϕ−1
( s∫
τ
a(s1)f
(
x(s1)
)
ds1
)
ds

1−µ∫
µ
ϕ−1
( s∫
µ
a(s1)f
(
x(s1)
)
ds1
)
ds
 µMR1A(µ) µMR1L > ‖x‖, if τ < µ,
i.e., ‖T x‖ > ‖x‖, ∀x ∈ ∂Ω1. By Lemma 2.1(i), it implies that i(T ,Ω1,K) = 0.
Since f∞ = 0, there exists R0 > 0 so that f (x) ϕ(εx), whenever x R0, where ε > 0
satisfies (3.2).
If f is unbound, then we choose R2 > R0 + R1 so that f (x) f (R2), for 0 x R2.
For x ∈ K and ‖x‖ = R2, we have
‖T x‖ = (T x)(τ ) βϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
+ ϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
 βϕ−1
(
f (R2)
1∫
0
a(s) ds
)
+ ϕ−1(f (R2))ϕ−1
( 1∫
0
a(s) ds
)
 (β + 1)εR2ϕ−1
( 1∫
0
a(s) ds
)
< R2 = ‖x‖.
If f is bound, say f (x) ϕ(M1), for all x  0. In this case, let R2 > R1 +M1/ε. Then
for x ∈ K with ‖x‖ = R2, we have
‖T x‖ = (T x)(τ ) βϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
+ ϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
 (β + 1)M1ϕ−1
( 1∫
0
a(s) ds
)
 (β + 1)εR2ϕ−1
( 1∫
0
a(s) ds
)
< R2 = ‖x‖.
Therefore, in either case, we may put Ω2 = {x ∈ K: ‖x‖R2} and we have
‖T x‖ < ‖x‖, ∀x ∈ ∂Ω2.
By Lemma 2.1(ii), it implies that i(T ,Ω2,K) = 1. Thus we have i(T ,Ω2 \ Ω1,K) = 1,
this shows problem (1.3) has a positive solution. 
Theorem 3.2. Let (E) hold. Assume that
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(ii2) There exists ρ > 0, for 0 x  ρ,f (x) < ϕ(ηρ), where
η = 1
(β + 1)ϕ−1(∫ 10 a(s) ds) .
Then problem (1.3) has at least two positive solutions x1 and x2 and 0 < ‖x1‖ < ρ < ‖x2‖.
Proof. Since f0 = +∞, there exists 0 < R1 < ρ such that f (x)  ϕ(M1x), whenever
0  x  R1, where M1 > 0 satisfies µLM1 > 2. Let Ω1 = {x ∈ K: ‖x‖  R1}. By the
proof of Theorem 3.1, we have i(T ,Ω1,K) = 0.
Further since f∞ = +∞, there exists R2 > ρ/µ such that f (x)  ϕ(M2x), whenever
x  µR2, where M2 > 0 is chosen so that µLM2 > 2. Let Ω2 = {x ∈ K: ‖x‖ R2}. By
the proof of Theorem 3.1, we have i(T ,Ω2,K) = 0.
Since (ii2), let Ω3 = {x ∈ K: ‖x‖ ρ}. Then for x ∈ K and ‖x‖ = ρ,
‖T x‖ = (T x)(τ ) (β + 1)ϕ−1
( 1∫
0
a(s)f
(
x(s)
)
ds
)
< (β + 1)ηρϕ−1
( 1∫
0
a(s) ds
)
= ρ = ‖x‖.
By Lemma 2.1(ii), it implies that i(T ,Ω3,K)=1. Thus we have
i(T ,Ω3 \ Ω1,K) = 1 and i(T ,Ω2 \ Ω3,K) = −1,
hence problem (1.3) has two positive solutions x1 and x2 and 0 ‖x1‖ ρ  ‖x2‖. 
Similarly, we can obtain the following
Theorem 3.3. Let (E) hold. Assume that
(i3) f0 = f∞ = 0;
(ii3) There exists ρ > 0, for µρ  x  ρ, f (x) > ϕ(λρ), where λ = 2/(µL).
Then problem (1.3) has at least two positive solutions x1 and x2 and 0 < ‖x1‖ < ρ < ‖x2‖.
Theorem 3.4. Let (E) hold. Assume that
(i4) f0 = α1 ∈ [0, ϕ(λ1/2));
(ii4) f∞ = β1 ∈ (ϕ(λ2),∞).Then problem (1.3) has at least one positive solution.
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f (x) (α1 + ε)ϕ(r) = ϕ
(
λ1
2
)
ϕ(r) = ϕ
(
λ1
2
r
)
,
whenever 0  x  r , where ε > 0 satisfies ε = ϕ(λ1/2) − α1. Let M1 = λ1/2 ∈ (0, λ1),
then (E1) is satisfied.
Since f∞ = β1 ∈ (ϕ(λ2),∞), there exists R > r > 0 so that
f (x) (β1 − ε)ϕ(x) ϕ(λ2)ϕ(µR) ϕ(λ2µR) = ϕ
(
4
µ2L
µR
)
= ϕ
(
4
µL
R
)
,
whenever µR  x  R, where ε > 0 satisfies ε = β1 − ϕ(λ2). Let M2 = 4/(µL) >
2/(µL), then (E2) is satisfied. By Lemma 2.4, we can complete the proof of Theo-
rem 3.4. 
Theorem 3.5. Let (E) hold. Assume that
(i5) f0 = α2 ∈ (ϕ(λ2),∞);
(ii5) f∞ = β2 ∈ [0, ϕ(λ1/2)).
Then problem (1.3) has at least one positive solution.
Proof. Since f0 = α2 ∈ (ϕ(λ2),∞), we can choose R > 0 so that
f (x) (α2 − ε)ϕ(x) = ϕ(λ2)ϕ(x) = ϕ(λ2x),
whenever 0 x  R, where ε = α2 − ϕ(λ2). So f (x) ϕ(λ2µR) = ϕ(4R/(µL)), when-
ever µR  x R. Let M2 = 4/(µL) > 2/(µL), then (E2) is satisfied.
Since f∞ = β2, there exists ρ > 0 so that
f (x) (β2 + ε)ϕ(x) ϕ
(
λ1
2
)
ϕ(x) = ϕ
(
λ1
2
x
)
,
whenever x  ρ, where ε = ϕ(λ1/2) − β2.
If f is unbounded, then we choose r > max{R,ρ} so that f (x) f (r), whenever 0
x  r . So f (x) f (r) ϕ(λ1r/2), let M1 = λ1/2, then (E1) is satisfied.
If f is bounded, say f (x) ϕ(M), for all x  0. Let r > max{ρ,2M/λ1}, then f (x)
ϕ(λ1r/2), whenever 0  x  r , let M1 = λ1/2 ∈ [0, λ1), then (E1) is also satisfied. By
Lemma 2.4, we can complete the proof of Theorem 3.5. 
Corollary 3.6. Let (E), (E1), (ii4) and (i5) hold. Then problem (1.3) has at least two positive
solutions x1 and x2 and 0 < ‖x1‖ < r < ‖x2‖.
Proof. By (ii4) and the proof of Theorem 3.4, there exist R1 > r > 0 and M2 >
2/(µL) such that f (x)  ϕ(M2R1), whenever x ∈ [µR1,R1]. By (i5) and proof of The-
orem 3.5, there exist R2 < r and M∗2 > 2/(µL) such that f (x)  ϕ(M∗2 R2), whenever
x ∈ [µR2,R2]. By Lemma 2.4, the conclusion holds. 
516 B. Liu, J. Zhang / J. Math. Anal. Appl. 309 (2005) 505–516Corollary 3.7. Let (E), (E2), (i4) and (ii5) hold. Then problem (1.3) has at least two positive
solutions x1 and x2 and 0 < ‖x1‖ < R < ‖x2‖.
Proof. By the same way as in Corollary 3.6, we can get Corollary 3.7. 
4. For example and remark
As an example we mention the boundary value problem{
(ϕ(x′))′ + a(t)f (x(t)) = 0, t ∈ (0,1),
x(0) − βx′(0) = 0, x(1) + δx′(1) = 0,
where
ϕ(x) =
{
x3, x  0,
x2, x > 0,
β  0, δ  0, a(t) ∈ C((0,1), [0,∞)) satisfies (E) and f satisfies the conditions of The-
orem 3.1. It is clear that ϕ :R → R is an increasing homeomorphism and homomorphism
and ϕ(0) = 0. Hence we generalize boundary value problem with p-Laplacian operators
and the results [1–4,6] do not apply to the example.
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